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Spatial Sensitivity of Capacitors in Distributed Resonators and Its
Application to Fine and Wide Frequency Tuning Digital
Controlled Oscillators
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SUMMARY Analysis of resonance frequency in shorted transmission
lines with inserted capacitor has been made. The analysis shows a reso-
nance frequency dependence on capacitance position on a shorted trans-
mission line. Two analysis methods are presented to predict the resonance
frequency and understand how the inserted capacitor affects the resonance
frequency of the shorted transmission line. Using this knowledge we pro-
pose a new structure for digital controlled oscillators utilizing the capaci-
tance’s sensitivity dependence on position of the shorted transmission line
to increase the frequency resolution. A 9 GHz transmission line based dig-
ital controlled oscillator was designed and fabricated as a proof of concept.
Measured results show that more than 100 times frequency step resolution
increase is possible utilizing the same tuning capacitor size located at dif-
ferent points on the transmission line.
key words: digital controlled oscillators, transmission line, frequency tun-
ing

1. Introduction

All digital phase-locked loop (ADPLL) frequency synthe-
sizers offer several advantages over the conventional charge-
pump based phase-locked loop synthesizer. In addition to
greater tolerance to process, voltage and temperature (PVT),
the availability of almost all intermediate signals in digi-
tal form offers the ability to perform digital signal process-
ing on the immediate signals making possible such tech-
niques as direct frequency modulation [1], [2], dynamic loop
bandwidth control [3], and direct reference feed-forwarding
method [4], [5] for fast settling. In addition, the structure of
the ADPLL lends itself very well to adaptability and should
therefore be a good candidate for software defined radio and
cognitive radio. This leads from the fact that the operat-
ing range of the ADPLL is not limited as the traditional
charge-pump based circuit in which the control voltage of
the VCO is inherently limited by linear range of operation
of the charge-pump or loop filter. As the ADPLL’s DCO op-
erate on input digital code, the frequency range limit is set
by the number of bit resolution which can be afforded in the
system.

Several design challenges, however, exist in ADPLL.
One of which is the design of the digital controlled oscil-
lator (DCO). To account for PVT variation, usually a large
margin for frequency tuning should be made available. In
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addition, since specifications in some standards require fre-
quency accuracy of synthesizers in the range of tens or hun-
dreds of kilo-hertz, fine frequency tuning steps are also nec-
essary. For example [6] utilizes 7-bit binary resolution for
PVT calibration, 64-bit unit for acquisition, 128-bit unit for
tracking, and 3 bit unit for fractional tracking. This leads
to more than 20 bits tunable range. Although linearity is
not critical for all but several of the LSBs, achieving this
level of tuning range requires capacitors of several orders
of magnitude difference in value and size. Reference [7]
mentions utilizing MOS varactors with as small as 50 aF in
90 nm CMOS technology to achieve the necessary size of
tuning step. Switching such small capacitors will be dif-
ficult as switch and varactor biasing parasitic capacitance
can easily exceed the size of the capacitor. This problem
only increases with frequency of operation of the systems
as the parasitics become more significant. Although signal
processing methods such as high-speed delta-sigma dither-
ing can help achieve smaller effective tuning resolution, this
comes at a cost of power. For example, [1] mentions us-
ing 8-bit delta-sigma frequency dithering at 600 MHz to in-
crease the effective resolution. If these requirements could
be reduced, significant power could be saved.

This paper analyzes the resonance frequency’s sensitiv-
ity to capacitors in shorted transmission lines. Analysis and
measurement data shows that depending on the position of
the loaded capacitor, its effect on the resonator’s resonance
frequency will change. More than 100 times difference in
frequency step was measured using the same size capaci-
tor on different locations of the transmission line. Based on
this method, we propose a new DCO configuration allowing
simultaneous wide tuning and fine frequency step control.
A simple and intuitive method for estimating the resonance
frequency of the capacitor loaded shorted transmission line
is also proposed along with methods for the analysis and
design of this new DCO.

2. Analysis of Shorted-Transmission Line with and
without Shunted Input Capacitor

2.1 Analysis of Shorted Transmission Line

It is well known that transmission lines can be used as a res-
onator when one of its ends are left shorted or opened. In
particular, the shorted transmission line is of interest since

Copyright c© 2008 The Institute of Electronics, Information and Communication Engineers
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Fig. 1 Typical transmission line based resonator and voltage wave.

a λ/4 section of it will produce an anti-resonance, or par-
allel resonance, which can be used in place for LC tanks
in cross-coupled type differential oscillators. The resulting,
commonly used oscillator is shown in Fig. 1.

We now derive a simple expression for the resonance
frequency of the shorted transmission line. First, note that
the input impedance of a shorted transmission line of length
l and propagation constant β is [8]

Zin = jZ0 tan(βl) = jZ0
sin(βl)
cos(βl)

. (1)

Anti-resonance occurs when the impedance is maximum,
which in this case means the denominator of (1) going to
zero making the input impedance approach infinity for the
lossless approximation

cos(βl) = 0. (2)

Substituting in β =ω/vp solving (2) for resonance frequency
and noting that vp = 1/

√
(μ0ε0εr) results in

f0 =
vp

4l
=

1
4l
√
μ0ε0εreff

, (3)

where vp and εreff are the phase velocity and the effective rel-
ative dielectric constant respectively. Equation (3) expresses
the resonance frequency as a function of variables which are
either constant or vary only slightly with frequency.

At resonance, the peak voltage waveform along the
shorted transmission line can be expressed as

V(z) = V+0 R(e j(ωt−βz) − e j(ωt+βz)) (4)

where R( f ) represents the real part of ‘ f ,’ and V+0 repre-
sents the forward propagating voltage wave component. The
maximum voltage and current waveform (π/2 apart) of an
approximately λ/4 long shorted transmission line at 10 GHz
is shown in Fig. 3.

2.2 Analysis of Shorted Transmission Line with Input Ca-
pacitor

Usually the capacitor is placed at the input of the transmis-
sion line as shown in Fig. 2(b). To find the resonance fre-
quency of this circuit, the same method for finding the reso-
nance frequency was taken as before. Following this method

Fig. 2 Shorted transmission line (a), and shorted transmission line with
input capacitor (b).

Fig. 3 Voltage amplitude of shorted transmission line.

the condition for finding the resonance frequency will be (5)

cos

(
ω

vp
l

)
− ωCLZ0 sin

(
ω

vp
l

)
= 0 (5)

Finding the explicit expression for ω using (5) is difficult,
however if an approximation (6) is made.

ωCLZ0 � 1 (6)

then the resulting resonance frequency can be found as (7).

f0 ≈ 1
4(l
√
μ0ε0εreff +CLZ0)

f0 ≈ 1
4((l +CL/C′)

√
μ0ε0εreff )

(7)

Where the relation Z0 = 1/(vp ∗ C′) [9] was used on the
second equation, and C′ is the capacitance per unit length
of the transmission line. Details of this derivation are given
in Appendix A. Calculated values of resonance frequency
is compared to simulated values using Agilent’s advanced
design systems (ADS) ideal transmission line model with
loss in Fig. 4. Errors between simulated and calculated val-
ues are shown in Fig. 5. Two ideal transmission line models
(ADS) and one coplanar waveguide characterized by a 3D
electromagnetic simulator (HFSS) were used. Simulated pa-
rameters for structures used in this simulation are shown in
Table 1. From Fig. 4 and Fig. 5 it is clearly seen that the
accuracy of (7) is quite high for loaded capacitance under
100 fF. This is a reasonable range as it is observed in Fig. 4
that the tuning range of more than 25 percent is achieved
with this value while the calculation error is well below 3%
in this range.
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Comparing (7) to (3) it is noted that in terms of reso-
nance frequency, the capacitor loaded resonator can be ap-
proximated with a resonator without a loading capacitor but
with a Δl = CL/C′ length extension as shown in Fig. 6. This
allows quick and intuitive estimation of the resonance fre-
quency.

Fig. 4 Comparison between simulated and calculated resonance
frequency.

Fig. 5 Error in calculation of resonance frequency.

Table 1 Parameters for simulated transmission line components.

Fig. 6 Capacitance in the middle of the transmission line is reflected to
an equivalent input capacitance.

3. Position Based Capacitance Sensitivity

The variation in voltage and current along the line of a short
circuit transmission line seen in Fig. 3 gives a hint that the
effect of a capacitance on the resonance frequency will also
change with position along the line (Fig. 7).

Two pieces of information are important in analyzing
the capacitance’s effect on an arbitrary transmission line.
First it is important to know how the capacitor placed in
the transmission line affects the resonance frequency. Sec-
ond it is convenient to have an expression to estimate the
resonance frequency as a result of the capacitance. The sec-
ond point especially is important in practice, since usually
transmission lines are characterized using 3D EM simula-
tion which takes substantial simulation time, making it usu-
ally not practical to sweep over many lengths of the trans-
mission line. To achieve the above mentioned goals we ap-
ply two methods of analysis to the capacitor shorted trans-
mission line.

3.1 Taylor Series Expansion

Following the same method earlier for finding the resonance
frequency of the system, and with the help of Fig. 7, it can
be shown that (8) must be met for resonance.

cos

(
ωlT
vp
+

Z0ωCL

2

)
+

Z0ωCL

2
sin

(
ω

vp
(lT−2l1)

)
�0 (8)

Directly solving (8) will result in a very complex func-
tion. Instead we divide (8) into three conditions and apply
Taylor Series Expansion on each part.

1) Capacitor Near Middle of Transmission Line
In general when the capacitor is located near the middle of
the transmission line, the resonance frequency can be com-
puted as follows.

f0�

lT
vp
+ 1

2 Z0CL±
√(

lT
vp
+ 1

2 Z0CL

)2
− πZ0CL

vp
(lT−2l1)

2πZ0CL(lT−2l1)/vp
(9)

In the special case when the capacitor is located exactly in
the middle of the shorted transmission line

f0 =
1
4

⎛⎜⎜⎜⎜⎜⎜⎝
1

lT
√
μ0ε0εr +

Z0CL

2

⎞⎟⎟⎟⎟⎟⎟⎠ (10)

Fig. 7 Shorted transmission line with capacitance loaded at arbitrary
position.
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Fig. 8 Capacitor near middle of transmission line simulated and cal-
culated resonance frequency for taylor series estimation, total length
3000 μm.

Equation (10) when compared to (7) shows that a capacitor
located in the middle of the shorted transmission line’s effect
on the resonance frequency is half as if it was at the open
end. Comparison between simulated and calculated results
is shown in Fig. 8, and calculation error is shown in Fig. 11
(mid section).

2) Capacitor Near Short End of Transmission Line
A transmission line with a capacitor near the short circuit
end of the transmission line will, in general, have a reso-
nance frequency described approximately by the solution to

ω3 − vpπ

lT − 2l1
ω2 + vp

[
π2Z0CLvp + 16lT
4Z0CL(lT − 2l1)2

]
ω

− 2πv2p
Z0CL(lT − 2l1)2

= 0 (11)

This can be solved by using Cardano’s method for solving
the general third order equation:

x3 + ax2 + bx + c = 0

x =
p

3u
− u − a

3

p = b − a2

3

q = c +
2a3 − 9ab

27

u =
3

√
q
2
±

√
q2

4
+

p3

27

u2,3 = u

⎛⎜⎜⎜⎜⎝−1
2
±
√

3
2

⎞⎟⎟⎟⎟⎠

(12)

Simulated and calculated comparison is shown in Fig. 9, and
the calculation error in Fig. 11 (left section).

3) Capacitor Near Open End of transmission line
When the capacitor is near to the open of the transmission
line the resonance frequency can be approximated with (13)
which is similar to (11)

Fig. 9 Capacitor near short end simulated and calculated resonance
frequency for taylor series estimation, total length 3000 μm.

Fig. 10 Capacitor near open end simulated and calculated resonance
frequency for Taylor series estimation, total length 3000 μm.

ω3+
vpπ

lT −2l1
ω2+vp

[
π2Z0CLvp−16lT−16Z0CLvp

4Z0CL(lT −2l1)2

]
ω

+
2πv2p

Z0CL(lT − 2l1)2
= 0 (13)

This can be solved similarly with (11) using Cardano’s
method (12). Comparison between the calculated and simu-
lated resonance frequency is shown in Fig. 10, while Fig. 11
(right section) show the error of the estimation. Details of
the derivation of (8), (9), (11) and (13) can be found in Ap-
pendix B.

3.2 Equivalent Input Capacitance Method

While the taylor series approximation serves to give a di-
rect, and relatively accurate approximation of resonance fre-
quency when a capacitor is inserted at certain points, the re-
sulting approximating equations are complex and does not
give a good idea of how the inserted capacitance affects the
shorted transmission line intuitively. For this reason, an-
other analysis method was devised.

This second method, which will be called the equiv-
alent input capacitance method, models the system as fol-
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Fig. 11 Error in estimation of the resonance frequency of using Taylor
Series estimation. Calculation of each section overlaps, left section is for
calculation near short, middle is for when the capacitor is near mid section,
right part is when the capacitor is near the open end.

Fig. 12 Capacitance in the middle of the transmission line is reflected to
an equivalent input capacitance.

lows. If the resonance frequency of a shorted transmission
line with a capacitor inserted at any arbitrary location can be
modeled with a shorted transmission line with a capacitor
inserted at the input, how would the value of that equivalent
capacitor change with the location of the inserted capacitor?
The concept of this method is shown in Fig. 12. The equa-
tion governing the value of the equivalent input capacitance
can be found by equating the equations governing resonance
of the two circuits in Fig. 12, i.e. by comparing (5) and (8),
(14) can be found. The resulting relation, shown in (14),
derived in Appendix C.

C′L =
CL

2
+

(CL

2

)
sin

(
ω

vp
(2l1)

)
cot

(
ω

vp
lt

)

−
(CL

2

)
cos

(
ω

vp
(2l1)

)
(14)

Equation (14) shows that the equivalent input capacitance in
terms of resonance frequency is a function of the inserted
capacitance, position of the inserted capacitance from short
circuit end, and frequency. This equation may seem com-
plex at first, however, it can easily be shown; for example,
if the inserted capacitance is located in the middle of the
shorted transmission line, its effective value would be half
of its value if it was inserted at the input of the shorted trans-
mission line as predicted by (10).

Figure 13 plots an example of equivalent input capac-
itance against position of the inserted loadcapacitance on a
shorted transmission line at 3 frequencies. It can be seen that
in general, the equivalent input capacitance decreases as it
nears the short circuit end, where it will effectively have no

Fig. 13 Equivalent normalized reflected capacitance example, total
length 3 mm.

Fig. 14 Error in calculation of resonance frequency using equivalent
capacitance method. Calculation of each section overlaps.

effect if it were directly on the short. For a quarter wave
transmission line, the value will reach its maximum at the
quarter wave length. The plot in Fig. 13 is typical of shorted
transmission line with loaded capacitors and clearly shows
the trend of the decrease in the effect that the loaded ca-
pacitance has on resonance frequency with respect to the
position on the transmission line. In other words it can be
said that the resonance frequency’s sensitivity with respect
to capacitance change in position decreases as the capacitor
moves nearer to the short circuit end. This makes intuitive
sense as the capacitor nears the short circuit end, more cur-
rent will flow through the short circuit than the capacitor,
making the effect of the inserted capacitor decreasing as it
nears the short circuit end.

The resulting resonance frequency can be estimated
with the use of (14) and (7) where the equivalent input ca-
pacitance in (14), C′L, replaces the input capacitance in (7)
CL. Due to the fact that the equivalent input capacitance
in (14) is frequency dependent, however, a few iterations
may be needed to get an accurate estimate of the resonance
frequency. This estimation method has similar accuracy to
the taylor method, as can be seen by comparing Fig. 11 and
Fig. 14.

Both methods complement each other since the equiv-



CHAIVIPAS et al.: SPATIAL SENSITIVITY OF CAPACITORS IN DISTRIBUTED RESONATORS
923

alent input capacitance method is more intuitive, but needs
an initial estimation for the resonance frequency. However,
the taylor method can directly compute the resonance fre-
quency but is more complex. In practice, the taylor method
is used to make the initial estimation of the resonance fre-
quency, after which subsequent adjustments are made using
the equivalent input capacitance method (14), in combina-
tion with (7).

4. Utilizing Capacitance Sensitivity to Position in a
DCO

With the knowledge that the capacitance’s effect on the res-
onance frequency greatly varies with its position on the
shorted transmission line, an extra design variable becomes
available to the designer. Instead of being limited with de-
signing a capacitor bank with orders of size difference in ca-
pacitor sizes, the designer can also place the capacitor or ca-
pacitor banks at different positions on the transmission line
to get a great range of tuning values. This is especially use-
ful when fine frequency steps are needed since traditionally,
getting a fine frequency step means having to deal with very
small capacitor sizes. This is not always practical since the
parasitics of the switch itself could easily exceed the size of
the switching capacitor.

With the knowledge from the previous analysis, it is
possible then to obtain very fine frequency tuning resolution
by using a medium sized capacitor and placing it near to the
shorted end of the transmission line. Ideally infinitesimally
small frequency tuning resolution is possible by placing the
capacitor closer and closer to the short circuit. The practi-
cal limit however is placed on how accurately the location
of the short circuit can be determined, and how close that
short circuit is to an ideal short circuit. At the same time,
very coarse, large frequency tuning steps are possible for
process, temperature, voltage variation calibration by plac-
ing capacitors at the open end of the shorted transmission
line.

One possible realization of the new position based tun-
ing DCO is shown in Fig. 15. Each capacitor symbol in
Fig. 15 can represent either a varactor, a switch and capaci-
tor, or a bank of these tuning varactors (capacitors).

To verify the concept of this tuning method, a DCO
was designed as shown in Fig. 15. A total of eight varactors
were distributed along the shorted transmission line, seven

Fig. 15 Experimental prototype new DCO.

of equal size to verify that the resonant frequency change
is indeed due to the position and not due to the varactor
sizes. These are represented by C0 to C6 on Fig. 15. The
8th capacitor is a minimum size mos varactor placed at the
same location as C6 near the shorted end of the transmis-
sion line. The chip was designed in 0.18μm CMOS pro-
cess. The transmission line was designed to be coplanar
strip lines (CSL). A filtering capacitor was also used to filter
up-converted tail transistor noise [10].

5. Measurement

Due to the large number of control pins needed, a combina-
tion of on-chip probes, and wire-bonded signals controlled
from external sources were used. While the output signals
were taken from the on-chip probes, the control signals were
controlled through the PCB boards wire bonded from the
chip. External amplifiers and a frequency divider were also
used during measurement to accommodate the limited fre-
quency measurement range of the VCO analyzer.

To observe the effect that each capacitor has on the os-
cillation frequency of the system the oscillation frequency of
the DCO was measured while each of the frequency tuning
capacitors were turned on one by one.

The resulting measured result along with the result-
ing frequency step (rescaled, since the frequency was di-
vided by 2) is plotted in Fig. 16. The oscillation frequency
changed, as expected, with the position of the varactor being
switched. As the position of the switched capacitor comes
closer to the short circuit, the effective capacitance is smaller
(Fig. 13) and so the frequency change is also smaller, as seen
in Fig. 16. The maximum frequency step using the medium-
sized MOS capacitor placed at the open end is 376.2 MHz.
The same medium sized capacitor placed near the shorted
transmission line end (150 μm from the short circuit) results
in a 3.45 MHz frequency step. This proves that, a frequency
step difference of over 100 times can be achieved by chang-
ing the position of the capacitor alone.

The minimum size MOS capacitor placed near the
shorted end showed a tuning frequency step of less than

Fig. 16 Measured oscillation frequency and Frequency step VS
switching position from open end.
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Fig. 17 Measured phase noise.

Fig. 18 Chip photo.

Table 2 Performance summary.

100 kHz at 9 GHz. It is possible to decrease this step size
even further by moving the switching capacitor nearer to the
shorted transmission line.

The measured phase noise of the DCO is shown in
Fig. 17. Phase noise is −105 dBc/Hz at 1 MHz offset at
9.17 GHz center frequency. This phase noise is achieved
with 5 mA of bias current from a 1.8 V power supply. It is
possible to improve the phase noise by shielding the CSL
from the substrate and replace the large varactors with ca-
pacitors and switches.

Table 2 compares this DCO with that of [6]. First, sev-
eral facts should be taken into account for a more mean-
ingful comparison between the two systems. First, the area
of the DCO in [6] includes frequency dividers and internal
buffers. Second, the difference in operating frequency obvi-
ously affects the size of the resonator. Third the DCO in [6]
does contain more than 20 bits of tuning capacitors, while
our experimental DCO only has only several capacitors in-
serted mainly as the proof of concept. In a real DCO design

many more capacitors will be needed which would increase
the capacitor area, while decreasing the transmission line
area. Last, the high current consumption in [6] was due to
the requirements for meeting the stringent GSM specifica-
tions for far-off phase noise.

The first thing to notice from Table 2 is that the fre-
quency resolution of this system using a 0.18 μm CMOS
system, is better than that of the 90 nm system where much
smaller MOS capacitors are available. In addition, it is
noted that while the frequency resolution of the system in
[6] is already at it’s absolute minimum, our proposed system
could obtain much smaller frequency resolution than shown
here by placing the tuning capacitors closer to the short cir-
cuit. The phase noise of the proposed system (calculated
at 917 MHz from measurement data at 9.17 GHz assuming
frequency division) can be improved, and the resonator size
reduced by using slow-wave transmission line.

6. Conclusion

In this paper we have analyzed the resonance frequency of
the shorted transmission line, and have found a method for
estimating the resonance frequency of the shorted transmis-
sion line when loaded with a capacitor at an arbitrary lo-
cation using Taylor Series expansion. In addition, a more
intuitive method has also been devised to understand how
the sensitivity of the capacitor changes with the location of
the transmission line, making its effective value decreasing
with the position nearing the short circuit.

Measured values show that more than 100 times in-
crease of frequency tuning step resolution can be achieved
by simply changing the position of the capacitor alone. This
knowledge gives the designer an extra dimension in the de-
sign of the digital controlled oscillator, enabling greater flex-
ibility in designing a wide frequency tuning range and fine
frequency tuning step DCO. Due to the potential increase
in tuning frequency accuracy, using this technique it may
be possible that the high frequency delta-sigma dithering re-
quirement may be reduced.
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Appendix A

Using approximation (6), (5) can be approximated as

cos(βl + ωCLZ0) ≈ 0

βl + ωCLZ0 ≈ π2 ,
3π
2
, . . .

nπ
2

(A· 1)

using the trigonometric approximation when Δa is small

cos(a + Δa) ≈ cos(a) − Δa · sin(a).

The resonance frequency can then be approximated as

ω0 ≈ π2
(

vp

l + vpCLZ0

)
(A· 2)

for the first quarter wave, using β = ω/vp. Then using vp =
1/
√

(μ0ε0εr) (A· 3), (7) can be obtained

f0 ≈ 1
4

1
l
√
μ0ε0εreff + CLZ0

(A· 3)

Appendix B

Taylor approximation of resonance frequency for different
sections can be found as follows. First from Fig. 7, Z′in can
be found as

Z′in = jX =
jZ0 tan(βl1)

1 − Z0ωCL tan(βl1)
(A· 4)

The total input impedance on the right figure of Fig. 7
can then be written as (A· 5) by representing the input
impedance of the capacitor and shorted transmission line,
as a variable jX

Zin = Z0
ZL + jZ0 tan(βl2)
Z0 + jZL tan(βl2)

= Z0
j(X + Z0 tan(βl2))
Z0 − X tan(βl2)

(A· 5)

where ZL is the equivalent load at the end of the transmission
line. For parallel resonance the denominator of (A· 5) should
be equal to 0

Z0 − X tan(βl2) = 0. (A· 6)

Replacing (A· 4) into (A· 6) results in

Z0 − Z0 tan(βl1) tan(βl2)
1 − Z0ωCL tan(βl1)

= 0 (A· 7)

which simplifies to

1−Z0ωCL tan(βl1)−tan(βl1) tan(β(lT−l1))=0. (A· 8)

It should be noted that in deriving (A· 8), the relation l2 =
lT − l1 has been used. Expanding the last tangent term and
simplifying, results in

1 − Z0ωCL tan(βl1) − Z0ωCL tan2(βl1) tan(βlT )

+ tan2(βl1) = 0. (A· 9)

These terms can be simplified to sine and cosine terms as

cos(βlT ) − Z0ωCL sin(βl1) cos(β(lT − l1)) = 0 (A· 10)

This can be rewritten as (A· 11) using Euler’s rule

cos(βlT ) − 1
2

Z0ωCL sin(βlT )

−1
2

Z0ωCL sin(β(2l1 − lT )) = 0 (A· 11)

For a relatively reasonable tuning range (1/2)*Z0ωCL is
small, so assuming (1/2)*Z0ωCL � 1 and noting sin(−x) =
− sin(x) yields the approximation in (8)

cos

(
βlT+

1
2

Z0ωCL

)
+

1
2

Z0ωCL sin(β(lT −2l1))�0 (A· 12)

where the approximation

cos(a + Δa) ≈ cos(a) − Δa · sin(a)

was used. Equation (A· 12) is then used as the basis of de-
riving (9), (11) and (13). First rearranging (A· 12)

cos

(
βlT+

1
2

Z0ωCL

)
=−1

2
Z0ωCL sin(β(lT −2l1)) (A· 13)

Note that for the case where the loading capacitance is near
the middle of the shorted transmission line, i.e. l1 � lT /2,
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(A· 13) can be approximated as

βlT+
1
2

Z0ωCL≈ π2+
1
2

Z0ωCL sin(β(lT −2l1)) (A· 14)

where the above equation was derived using the taylor ap-
proximation

arccos(x) ≈ π
2
− x

Again, replacing β = ω/vp, and noting that sin(x) ≈ x for
small “x” and simplifying results in

ω2 Z0CL(lT − 2l1)
2vp

− ω
(

lT
vp
+

Z0CL

2

)
+
π

2
= 0 (A· 15)

which is solved using the usual quadratic equation resulting
in

ω0=

lT
vp
+ 1

2 Z0CL±
√(

lT
vp
+ 1

2 Z0CL

)2
− πZ0CL

vp
(lT −2l1)

Z0CL(lT −2l1)/vp
(A· 16)

which is basically (9).
To arrive at (11), start with (A· 12) and note that for

small values of l1, the argument of both the sine and co-
sine term in (A· 12) has a value close to π/2 (βlT is quarter
wave, (1/2)*Z0ωCL is small). Therefore, making the Taylor
expansion on (A· 12) around the π/2 point leads to

cos

(
βlT +

1
2

Z0ωCL

)

→ cos
(
π

2

)
− sin

(
π

2

) (
βlT +

1
2

Z0ωCL − π2
)

= −βlT − 1
2

Z0ωCL +
π

2

For the first term, and

sin (β (lT − 2l1))

→ sin
(
π

2

)
+ cos

(
π

2

) (
β(lT − 2l1) − π

2

)
−1

2
sin

(
π

2

) (
β(lT − 2l1) − π

2

)2

= 1 − 1
2

[
β2(lT − 2l1)2 − πβ(lT − 2l1) +

π2

4

]

for the second term. Combining the two terms together sub-
stituting β = ω/vp leads to (11)

ω3 − vpπ

lT − 2l1
ω2 + vp

[
π2Z0CLvp + 16lT
4Z0CL(lT − 2l1)2

]
ω

− 2πv2p
Z0CL(lT − 2l1)2

= 0 (A· 17)

Lastly, to arrive at (13) first start with (A· 12). Note that
for a large value of l1, near lT , the value of the sine term’s
argument is approximately −π/2 (βlT is quarter wave), the
cosine term remains near π/2 as in the previous derivation.

sin (β · (lT − 2 · l1))

→ sin
(
−π

2

)
+ cos

(
−π

2

) (
β(lT − 2l1) +

π

2

)
−1

2
sin

(
−π

2

) (
β (lT − 2l1) +

π

2

)2

= −1 +
1
2

[
β2(lT − 2l1)2 + πβ(lT − 2l1) +

π2

4

]

Combining the sine and cosine terms and substituting β =
ω/vp leads to (13)

ω3+
vpπ

lT −2l1
ω2+

[
π2Z0CLvp−16lT−16Z0CLvp

4Z0CL(lT−2l1)2

]
vpω

+
2πv2p

Z0CL(lT − 2l1)2
= 0 (A· 18)

Appendix C

To find the equivalent input capacitance, in terms of reso-
nance frequency, start with the equation used to determine
the resonance frequency of an input capacitance loaded
transmission line (5), and the equation used to determine the
frequency of the shorted transmission line with a capacitor
loaded at any arbitrary location (A· 11), with β = ω/vp, both
repeated here for convenience.

cos

(
ω

vp
l

)
− ωC′LZ0 sin

(
ω

vp
l

)
= 0 (A· 19)

and

cos

(
ω

vp
lT

)
− 1

2
Z0ωCL sin

(
ω

vp
lT

)

−1
2

Z0ωCL sin

(
ω

vp
(2l1 − lT )

)
= 0 (A· 20)

Note that l in (A· 19) is equivalent to lT in (A· 20). Compar-
ing (A· 19) and (A· 20) we solve simultaneously the second
part of (A· 19) to the second and third part of (A· 20) to find a
value of C′L, as compared to CL, which is necessary to make
(A· 19) identical to (A· 20) as (A· 21), or (14)

C′L =
CL

2
+

(CL

2

)
sin

(
ω

vp
(2l1)

)
cot

(
ω

vp
lt

)

−
(CL

2

)
cos

(
ω

vp
(2l1)

)
(A· 21)

Note that the analysis intentionally compares the equa-
tions that determine the resonance frequency as it is easier
to solve than the case of the impedance making the equiva-
lent capacitance value valid only in terms of the resonance
frequency, not the impedance.
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